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Second Order Linear PDEs: Canonical Forms of Hyperbolic PDEs

The general solutions of hyperbolic PDEs are obtained by their
canonical forms. However, sometimes, it might not be so sim-
ple to determine the general solution of a given equation. If the
canonical form of the equation is simple, then the general solu-
tion can be immediately ascertained. Let us recall the example
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of last week.

Example 18
Consider the PDE

2 2
y UXX — X Uyy - 0
The canonical form of the given equation was

n §

Ug — u

(S R =)

where ¢ = y2 — x2 and n = y? + x°.
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Second Order Linear PDEs: Canonical Forms of Hyperbolic PDEs

Multiplying both sides with —4, we obtain

21 2§
—4u,, = Ue — u

ToE-gt g 6.1

> —4U = | 2 — 2 Ues + | 2 — 2 u,.

€n <n(77 3 ))TI 3 <n(77 3 ))é n

Without loss of generality, let us choose

—2Ugy = ('n(n2 - 62))77 Ug, (U1 = Ug), (6.2a)
—2Ugy = (ln(n2 - 52))5 Uy, (U2 = uy), (6.2b)
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Second Order Linear PDEs: Canonical Forms of Hyperbolic PDEs
From (6.2a), we have

au (P —€)

T S——
2 2
e ngy = W 2_§)+|ng0(£)
6.3
— =y = p(£) (63)
772_52
— U= p(¢)tanh”" (772”_52) +o1(8)

Similarly, from (6.2b), we have
Up = U = 200

L@
— u=¢(n)tan”! (
n
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Second Order Linear PDEs: Canonical Forms of Hyperbolic PDEs

Solving (6.3) and (6.4) together, we obtain

_ - 1 - §
U(é,n) = C1 tanh 1 (172_52> tan 1 (172_52> + 02

2 42 2 _ 2
_ (Y X (YT =X

= Uu(x,y) = cqytanh < 2xy >tan <2xy >+02

(6.5)

which is a solution to (5.18) where ¢y and ¢, are arbitrary con-
stants.
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SO Linear PDEs with Constant Coefficients and Operator Factorization
The general form of a second order linear PDE was given as

Auxx + Buyy + Cuyy + Duy + Euy + Fu = G. (5.1)

If A, B, C, D, E and F are real constants and G is a continu-
ous function of x and y, then (5.1) is called a second order lin-
ear PDE with constant coefficients. This week, we will consider
PDEs of these particular type and present an operator factoriza-
tion technique for these type of PDEs.

In order to restate (5.1) in operator form, we define the following
partial differential operators

0 0
Dx—afany—afy’
, 52 , 52 52 (7.1)
DE=— D5 =

—, DDy, = ———.
X ax2TTY T oy Y T axdy
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SO Linear PDEs with Constant Coefficients and Operator Factorization
Then, (5.1) will be restated as

Lu= G(x,y) (7.2)
where
L = AD% + BDxDy + CD; + DDy + ED, + F (7.3)

is the partial differential operator for (5.1). The operator L is a
linear operator which satisfy the following property, for real con-
stants ¢y and ¢, and partially second order differentiable func-
tions uy and wo,

L(C1 uy + CgUg) =cyLuy + coluo. (7.3)

Suppose that uy and u, are the solutions to the homogeneous
PDE

Lu=0 = Luy=0and Lup, =0. (7.4)
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SO Linear PDEs with Constant Coefficients and Operator Factorization
Then, from linearity of L, the linear combination of u; and ws,
which is ciuy + cou» for nonzero reals ¢; and ¢, is also a so-
lution of (7.4). This property is called as the superposition prin-
ciple. The general solution of (7.4) is called the homogeneous
solution and denoted as u, whereas the particular solution to
(7.2) is called the particular solution and denoted as up. Thus,
the general solution of (7.2) have the following form

U= Up+ Up. (7.5)
Suppose that the operator L can be factorized as
L=LiLy = (1Dx + B1Dy + v1)(a2Dx + B2Dy +v2) (7.6)

where «j, 8,7 € R, for i = 1,2. If u = u(x,t) is a solution of
Lou=0,then Lu = L1Lou = Ly-0 = 0 so that it is also a solution
for Lu = 0 (the same can also shown for Lyu = 0, without loss
of generality). Now, let us consider

Liu = (a1Dx + 1Dy + y1)u = a1p + f1q +y1u = 0-(7.7)
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SO Linear PDEs with Constant Coefficients and Operator Factorization
From the Lagrange auxiliary equation, we have
dx dy du

- _ — . 7.8
ar P —mu (7.8)

Now, we consider three cases:

» Suppose a4 # 0 holds. From (7.8), we have
dx d
2T BiX —ary = ¢

ay B
_dU My

N =2 — u=cpe °1°.
Qq u

Therefore, the general solution of (7.7) will be

gl

Upt =€ = p(B1Xx — aqy), (7.10)

where ¢ is an arbitrary function.
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SO Linear PDEs with Constant Coefficients and Operator Factorization

From the Lagrange auxiliary equation, we have

dx dy  du

o B —pu

(7.8)

Now, we consider three cases:

» Suppose 31 # 0 holds. From (7.8), the general solution of
(7.7) will be

-
upr = e PV 3(B1x — aqy), (7.11)

where § is an arbitrary function.

» In the general case that both a1 # 0 and 31 # 0 hold,
either (7.10) or (7.11) may be chosen for general solution.
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SO Linear PDEs with Constant Coefficients and Operator Factorization
Similarly, the general solution of

Lou =(apDx + B2Dy + y2)u

(7.12)
=azP + S2q + 12U =0
will be either
Upp = 6_%X¢(52X — ay), (7.13)
for ap # 0 or
Upp = efgigyﬁg(ﬁzx — agy), (7.14)

for B, # 0. As a result, the general homogeneous solution of
Lu = 0 will be

Up =Up1 + Up2 (7.15)

M

_m _
=e “ Xgo(ﬂ1x —a1y)+e azxgﬁ(ﬁgx — any).
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SO Linear PDEs with Constant Coefficients and Operator Factorization

In the case that ay = a» = a and By = B> = B, the homoge-
neous solutions of Lu = 0 will be

Up = € ¥ (xp(BX — ay) + ¢(Bx —ay)).  (7.16)
for a # 0 and
up = € 7 (yo(Bx — ay) + ¢(Bx — ay)). (7.17)

for g # 0.
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SO Linear PDEs with Constant Coefficients and Operator Factorization

The particular solution requires that we make an “initial assump-
tion" about the form of the particular solution up(x, y), but with
the coefficients left unspecified. For the particular solution, the
type of G(x,y) in (7.2) determines the types of the particular
solution candidate. Here are some of the following particular so-
lution candidates for various types.

Table: Particular Solution Candidates for Various Types of G(x, y).

G(x,y) Particular Solution Candidate up(x, y)

Trigonometric Trigonometric
Polynomial Polynomial
Exponential Exponential
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SO Linear PDEs with Constant Coefficients and Operator Factorization

Example 21
Find the homogeneous and particular solution of
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SO Linear PDEs with Constant Coefficients and Operator Factorization

Example 22
Find the general solution of

4'UXX - 4ny + Uyy + 4Ux - 2Uy = O (729)
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SO Linear PDEs with Constant Coefficients and Operator Factorization

Example 23
Find the general solution of

(2D% — 5D,D, + 2D3)u = 5"+ (7.32)

where D%, DD, and D5 are defined as in (7.1)
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