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Cauchy Problem for the Wave Equation
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Wave equations can also appear as solutions to physical phe-
nomena that are restricted to bounded regions. Initial data is
defined on the finite subinterval a < x < b of the line t = 0 and
the values of u and uy are defined at the endpoints x = a and
X =b.

Now, consider the following IVP-BVP:

Uy — CPuxy =0, (0<x </, t>0) (12.1a)
u(x,0) =f(x), (0<x<Y) (12.1b)
u(x,0) =g(x), (0<x<Y) (12.1¢)

u(0,t) =0, (t>0) (12.1d)
u(t,t)=0. (t>0) (12.1e)
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Cauchy Problem for the Wave Equation
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This problem physically corresponds to the vibrating string prob-
lem with to fixed endpoints. Since the system is homogeneous,
we may choose the solution of the form u(x,t) = X(x)T(t)
where X and T are the functions of x and t, respectively. Then,
we have

T// X//
2T~ X

Now, we have three cases to consider.

XT'-X'T=0 =

=\ (12.2)
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Cauchy Problem for the Wave Equation
Now, we have three cases to consider:

» For A > 0: In this case, we have two corresponding ODEs:
X" - XX =0, (12.3a)
T —\?T =0. (12.3b)

The characteristic equations and their roots for (12.3a) and
(12.3b), respectively, yields to the following

C(rN=rP-X=0 =ra=4VA
= X(x)=ce

C(r)=r>—Xc?=0 =rp=+cVA
oVt

VM4 eV (12.4a)

= T(t) = cze M 4 eV (12.4b)
which, in turn, yields to the solution

u(x,t) = (01 e VM 4 cge‘f“) (cgefc‘m + c4e°‘5’> (12.5)
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Cauchy Problem for the Wave Equation
Now, we have three cases to consider:

» For A > 0: Using (12.1d) to (12.5), we have

u(0,t) = (c1 + ) (cze M 4 eV = 0

(12.6)
=0 +0C =0,

and using (12.1e) to (12.5), we have

u(e, t) = (¢ e VM 4 Czeﬁe) (Cse_cﬁt + C4eC\FM) =0

(12.7)
= (creY ™) =0.
Since
1 1
o VA gvae| 70 (12.8)
the homogeneous system
Ci+c=0 and cie VM + eV M =0 (12.9)

has no solution.
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Cauchy Problem for the Wave Equation
Now, we have three cases to consider:

» For )\ = 0: In this case, we have two corresponding ODEs:

X" =0, (12.10a)
T"=0. (12.10b)
The general solutions of (12.10a) and (12.10b) yields to
u(x,t) = (c1x + c2) (cst + ¢4) (12.11)
Using (12.1d) to (12.11), we have
ul0,ty=ca(cst+c)=0 = =0, (12.12)

and using (12.1e) to (12.11), we have

ul,ty=(cil+c)(csl+c)=0 = cif+c=0.
(12.13)
The system
=0 and cf+c=0 (1214)

has no nontrivial solution for this case as well.
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Cauchy Problem for the Wave Equation
Now, we have three cases to consider:

» For )\ < 0: In this case, by taking A\ = —2,we have two
corresponding ODEs:

X"+ 12X =0, (12.15a)
T" + \c?p? = 0. (12.15b)
The characteristic equations and their roots for (12.15a) and
(12.15b), respectively, yields to the following
CN=r*+p2=0 = no=+iu

= X(x) = ¢y cos(ux) + cosin(ux)
(12.16a)

C(r)=r?+c?u> =0 = n,=+icu

= T(t) = c3cos(cut) + cgsin(cut)
(12.16b)

which, in turn, yields to the solution

u(x, t) = (c1 cos(ux) + casin(ux)) (cs cos(cut) + casin(cut))
(12.17)
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Cauchy Problem for the Wave Equation
Now, we have three cases to consider:

» For )\ < 0: Using (12.1d) to (12.17), we have
u(0,t) = ¢y (c3cos(cut) + casin(cut)) =0 = ¢ =0, (12.18)
and using (12.1e) to (12.18), we have
u(?, t) = cosin(uf) (c3 cos(cut) + cqsin(cut)) =0
= Cpsin(uf) =0 (12.19)

n
= wW=n = ,u:%,forneN.

Replacing i = “F into the general solution, we obtain

u(x,t) = i (03,, cos (cn%t) + C4psin (C%t)) sin (%)()2.20)

From (12.1b), we have

u(x,0) = i Cansin (”%x) = f(x). (12.21)
n=1
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Cauchy Problem for the Wave Equation
Now, we have three cases to consider:

> For )\ < 0: Multiplying both sides of (12.21) with sin (%) and
integrating on [0, ] yields to

/zf(x) sin m) dx
_ZCS,,/ sm( di )sin (%X) ax
=-3 ; Csn/o (cos <(n+271)7rx> — cos ((n _Z')WX>) dx
. (n+m)mx . (n—m)mx
1 0 Sin 7 sin 7
== §nz:;c3” ( <(n+£n)7r ) - <(n—em)rr ))

S <sin ((n+m)r) sin((n— m)7r)>
3n .
-

/4

0

(n+m)m (n—m)w
L L

1
2
n=

(12.22)
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Cauchy Problem for the Wave Equation
Now, we have three cases to consider:

» For A\ < 0: Considering this result, we have two cases to
consider:

» For m # n: We have

_% f: 5. (sin (En +m)r)  sin((n— m)”)> = 012.23)
n=1

n+m)m (n—m)w
L l

» For m = n: We have
1 sin((n+ m)r)  sin((n— m)n)
) Can (n+m)= - (n—m)w
n=1 4 L

1T sin ((n — m)7) 12.24

n=1

= Jeum(~0) (as(n—m)x ~0)
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Cauchy Problem for the Wave Equation
Now, we have three cases to consider:

» For )\ < 0: Considering these two cases, we get

/Oef(x) sin (7Y ax = —%cem(—l)

o (12.25)
. mmX
= Csm:Z/O f(X)Sln (T) dX
Deriving (12.20) with respect to ¢, we have
=, crn _ nm nr . /nw
u(x, t) = ; ~ (—an sin (071‘) -+ C4p COS (071‘)) sin (TX) .
(12.26)

and from (12.1¢), we obtain

“ctn_ . /n
u(x,0)=3" %04,, sin (%x) =g(x). (12.27)
n=1
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Cauchy Problem for the Wave Equation
Now, we have three cases to consider:

» For A < 0: Similarly, multiplying both sides of (12.27) with
sin (™7¢) and integrating on [0, /] yields to

5

(n+m)m
l

n— 0
50 . (n+m)mx .
crn sin | ~——p— S
= 57 C4n

_ i L (sin ((n+m)r) sin((n— m)w)) .
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Cauchy Problem for the Wave Equation
Now, we have three cases to consider:
» For A\ < 0: Again, we have two cases to consider
» For m # n: We have

i _omn (sin ((n+m)r) sin((n— m)7r)> _02.29)

(n+m)m (n—m)w

L L

» For m = n: We have

i _emn (sin ((n+m)x) sin((n— m)7r)>

2/ c (n+m)m (n—m)w
n=1 L £
~~ cmn sin ((n — m)~) (12.30)
=2 % | G
n=1 3
cmm
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Cauchy Problem for the Wave Equation
Now, we have three cases to consider:

» For )\ < 0: Again from these two cases, we get
/ a(x sm ) ax = C7;mC4m
0
. (mnx
= C4m—m7mA g(X)Sln( E )dX

Combining (12.20), (12.25) and (12.31), we have the particular
solution to the IVP-BVP (12.1a)-(12.1e):

i, [( [ s )dx>cos(c";t)
oo

S'"(ex)
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Cauchy Problem for the Heat Conduction Problem
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Suppose that, we have a rod with a length ¢ and the heat is
assumed to be distributed equally over the cross section at time
t. The surface of the rod is insulated, and therefore, there is no
heat loss through the boundary. The temperature distribution of
the rod is given by the solution of the IVP-BVP:

Ut — KUxxy =0, (0<x <4, t>0) (12.33a)
u(0,t) =0, (t>0) (12.33b)
u(¢,t)=0, (t>0) (12.33c)
u(x,0) =f(x), (0<x<Y) (12.33d)
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Cauchy Problem for the Heat Conduction Problem
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Here, u(x, t) represents the heat at the position x and the time
t and « is a thermal conductivity constant, which is determined
by experiments and depends on the material. Since (12.33a)
is homogeneous, we may seek for a solution of type u(x,t) =
X(x)T(t) with functions X and T which yields to

X' T 2

X kT M (12.34)
and this gives us two ODEs:

X"+ 12X =0, (12.35a)

T + 42T =0. (12.35b)

The BVs associated to (12.33b) and (12.33c) can be obtained

u(0,t) =X(0O)T()=0 =  X(0)=0, (12.36a)
ul, t) =X(OT(H) =0 =  X(¢)=0. (12.36b)
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Cauchy Problem for the Heat Conduction Problem

From these BVs, the nontrivial solution for X can be obtained as

Xn(X) = Cipsin (?) . neN. (12.37)

On the other hand, the general solution of (12.35b) will be

_ —(—)Zm‘
Th(t) =cope \e/ ™, neN. (12.38)

The general solution becomes

t):ix,,(x) Zc,, () At in (”LEX) (12.39)
n=1

where ¢, = C1nCop.
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Cauchy Problem for the Heat Conduction Problem

The latter BV (12.33d) enables us to calculate the Fourier coef-
ficients (cp’s). To that aim, we first evaluate the following

u(x,0) = i Cosin (%) — f(x), (12.40)
n=1

and, then, multiply both sides of (12.40) with sin (77*) and inte-
grating on [0, ¢] yields to

E o omrxy
g Ch sin (—) sin
0 /
n=1

(12.41)
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Cauchy Problem for the Heat Conduction Problem
Observing the identity’
/OZ sin <m2rx> sin (méx> ax = {2: i Z i Z’ (12.42)
and using it in (12.41), we have
cmg _/05 £(x) sin (?) dx

14
= Cp= i/o f(x) sin (?) dx

(12.43)

"Recall the “orthogonality of basis functions" discussion of last week. The
same implication can be revised by a simple variable change x" = (3%) x.
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Cauchy Problem for the Heat Conduction Problem

In conclusion, the solution for the IVP-BVP (12.33a)-(12.33d) will
be

(2 [* . [hmx (=)t (X
U(X, t) = nz; <£/0\ f(X) sin (7) dX) e L Sin (7) N
(12.44)
which is the required solution.
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Cauchy Problem for the Wave Equation [Exercises]

Exercise 32 (Cauchy Problem for Wave Equation)
Solve the following Cauchy problem:

U —4ux =0, (0<x<1,t>0) (13.1a)
u(x,0) :sin(27rx), (0<x<1) (13.1b)
ui(x,0) =1, (0<x<1) (13.1¢)
u(0,t) =0, (t>0) (13.10)
u(1,t)=0. (t>0) (13.1¢)
Solution:
u(x,t) =cos(4rt)sin(2mrx)

. 2 : : (13.4)

+ nz_(:) @ T sin((4n 4+ 2)7t)sin((2n + 1)7x 3
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Cauchy Problem for the Heat Conduction Problem [Exercises]

Exercise 33 (Cauchy Problem for Heat Conduction
Problem)

Solve the following Cauchy problem:

—2Uxy =0, (0<x<3,t>0) (13.5a)
u(0,t) =0, (t>0) (13.5b)
u(3,t)=0, (t>0) (13.5¢)
u(x,0) =x(8—-x), (0<x<3) (13.5d)

Solution:

70 X ((Zn?)ﬂ)Z, . ((@n+1)nx
u(x, t) = Z 2n+1 sin | ———5—— J13.7)
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