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Unconstrained Optimization,
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𝑚𝑖𝑛𝑖𝑚𝑖𝑧𝑒𝑟 of 𝑓 𝑜𝑣𝑒𝑟 Ω

𝑚𝑎𝑥𝑖𝑚𝑖𝑧𝑖𝑛𝑔 𝑓 is equivalent to 𝑚𝑖𝑛𝑖𝑚𝑖𝑧𝑖𝑛𝑔 − 𝑓

Max versus min: Maximizing a function g is equivalent to minimizing −g, so there’s

no loss of generality in concentrating on minimization. This is the convention in 

much of optimization theory



Local and Global Minimizers
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Feasible Direction
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What happens if Ω is an open subset of Rn ?

FONC: Let Ω be an open set and f is a continuously differentiable function over Ω (f ∈ C1 ).

If x∗∈ Ω is a minimizer of f, then 𝛻𝑓 𝑥∗ = 0.
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∇𝑓(𝑥∗) = 0. 

This is the first-order necessary condition for optimality. The condition is ``first-

order" because it is derived using the first-order expansion. We emphasize that 

the result is valid when 𝑓 ∈ 𝐶1and  is an interior point of Ω . 

Definition: A point  satisfying the FONC condition  ∇𝑓(𝑥∗) = 0  is called 

a stationary point.  

Definition: A function f has critical points at all points x0  where f'(x0  )=0 or f(x) 

is not differentiable.  

In several variables case, the same definition can be given as:  

A function with several variables has critical points where the gradient is 0 or 

any of the partial derivatives is not defined. 
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Proof of SOSC:

Second Order Sufficient Condition (SOSC): 

Let Ω be an open set and f is a twice continuously differentiable

function over Ω 𝑓 ∈ 𝐶2 . The sufficient condition for a local minimizer

𝑥∗ ∈ Ω is that the Hessian matrix at 𝑥∗ is positive semidefinite. 
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This point is an inflection point. 

Definition: An inflection point is a point on a curve at which the concavity 

changes.  

A necessary condition for x to be an inflection point is 𝑓 ′′ (𝑥) = 0. A sufficient 

condition requires 𝑓 ′′ (𝑥 + 𝜀) and 𝑓 ′′ (𝑥 − 𝜀)  to have opposite signs in the 

neighborhood of x. 

In multivariable calculus, a point of a function or surface which is a stationary 

point but not an extremum is called a saddle point.  
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In summary

FONC: Solve the following equation and obtain all the stationary

points.

𝛻𝑓 𝑥∗ = 0.

SOSC: Form the Hessian at each of the stationary points:

If the Hessian is positive definite, then that point is a strict local

minimum,

If the Hessian is positive semidefinite, then that point is a local

minimum,

If the Hessian is negative definite, then that point is a strict local

maximum,

If the Hessian is negative semidefinite, then that point is a local

maximum.

If the Hessian is indefinite, then that point is a saddle point.
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Example: A small startup company produces speakers and subwoofers for

computers that they sell through a website. After extensive research, the company

has developed a revenue function,

𝑅 𝑥, 𝑦 = 𝑥 110 − 4.5𝑥 + 𝑦 155 − 2𝑦 thousand dollars

where 𝑥 is the number of subwoofers produced and sold in thousands and 𝑦 is the

number of speakers produced and sold in thousands. The corresponding cost

function is

𝐶 𝑥, 𝑦 = 3𝑥2 + 3𝑦2 + 5𝑥𝑦 − 5𝑦 + 50 thousand dollars

Find the production levels that maximize revenue.



Find and classify all the critical points of the following functions:

1) 𝑓 𝑥1, 𝑥2 = 𝑥3 − 𝑥2𝑦 + 2𝑦2.
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2)𝑓 𝑥, 𝑦 = 𝑦 − 2 𝑥2 − 𝑦2
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3) 𝑓 𝑥, 𝑦 = 7𝑥 − 8𝑦 + 2𝑥𝑦 − 𝑥2 + 𝑦3
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4) 𝑓 = 𝑥1
3 + 𝑥2

3 + 𝑥3
3 − 3𝑥1

2𝑥2 − 3𝑥2
2𝑥3 − 3𝑥3

2𝑥1 + 6𝑥1 + 6𝑥2 + 6𝑥3
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𝑓 𝑥, 𝑦 = 𝑥 +
1

2𝑥 + 𝑦
−

1

𝑥 + 𝑦
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